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In the present paper we investigate the approximation properties of the trigonometric system in L p(·) 2π . We consider the fractional order moduli of smoothness and obtain direct, converse approximation theorems together with a constructive characterization of a Lipschitz-type class.
Let T := [−π, π] and P be the class of 2π-periodic, Lebesgue measurable functions p = p(x) : T → (1, ∞) such that p * < ∞. We define class L
2π (T ) of 2π-periodic measurable functions f defined on T satisfying
The class L p(·)
2π is a Banach space [24] with norms 
where p (x) := p(x)/ (p (x) − 1) is the conjugate exponent of p(x). The variable exponent p(x) which is defined on T is said to be satisfy DiniLipschitz property DL γ of order γ on T if sup x1,x2∈T
|p (x 1 ) − p (x 2 )| :
2π , p ∈ P satisfy DL 1 , 0 < h ≤ 1 and let σ h f (x) := 1 h x+h/2
x−h/2 f (t)dt, x ∈ T , be Steklov's mean operator. In this case the operator σ h is bounded [37] in L p(·)
2π . Using these facts and setting x, t ∈ T , 0 ≤ α < 1 we define
. . .
1 X Y means that there exist constants C, c > 0 such that cY ≤ X ≤ CY hold. Throughout this work by c, C, c 1 , c 2 , . . . , we denote the constants which are different in different places. Xn = O (Yn) , n = 1, 2, . . . , means that there exists a constant C > 0 such that Xn ≤ CYn holds for n = 1, 2, . . . . and I is the identity operator.
Since the Binomial coefficients α k satisfy [34, p. 14]
we get
2π , p ∈ P satisfy DL 1 and 0 < h ≤ 1. For 0 ≤ α < 1 and r = 1, 2, 3, . . . we define the fractional modulus of smoothness
2π , p ∈ P, satisfy DL 1 and 0 < h ≤ 1 as
and
We have by (3) that
2π , p ∈ P satisfy DL 1 , 0 < h ≤ 1 and the constant c > 0 dependent only on α, r and p.
Remark 1. The modulus of smoothness Ω α (f, δ) p(·) , α ∈ R + , has the following properties for p ∈ P satisfying DL 1 : (i) Ω α (f, δ) p(·) is non-negative and nondecreasing function of δ ≥ 0, (ii)
2π where T n is the class of trigonometric polynomials of degree not greater than n.
For a given f ∈ L 1 , assuming
we define α-th fractional (α ∈ R + ) integral of f as [42, v. 2, p . 134]
where
as principal value. Let α ∈ R + be given. We define fractional derivative of a function f ∈ L 1 , satisfying (4), as 
2π . W α p(·) becomes a Banach space with the norm
Main results of this work are following.
, and p ∈ P satisfy DL γ with γ ≥ 1, then for every natural n there exists a constant c > 0 independent of n such that
holds. Corollary 1. Under the conditions of Theorem 1
2π , then there exists a constant c > 0 dependent only on α and p such that for n = 0, 1, 2, 3, . . .
holds.
The following converse theorem of trigonometric approximation holds.
2π , then for n = 0, 1, 2, 3, . . .
hold where the constant c > 0 dependent only on α and p. 
2π be fulfilled. Then the following conditions are equivalent:
hold where the constant c > 0 dependent only on β and p.
2π , β ∈ (0, ∞) and
for some α > 0. In this case for n = 0, 1, 2, . . . there exists a constant c > 0 dependent only on α, β and p such that
hold.
The following simultaneous approximation theorem holds.
. Then there exist a T ∈ T n and a constant c > 0 depending only on α and p such that
holds. Definition 2 (Hardy space of variable exponent H p(·) on the unit disc D with the boundary T := ∂D) [21] . Let p(z) : T →(1, ∞), be measurable function. We say that a complex valued analytic function Φ in D belongs to the Hardy space 
on D and r ∈ R + , then there exists a constant c > 0 independent of n such that
where a k (f ), k = 0, 1, 2, 3, . . . , are the Taylor coefficients of f at the origin.
Some auxiliary results.
We begin with the following lemma. Lemma A [20] . For r ∈ R + we suppose that
be two series in a Banach space (B, · ). Let
for some c > 0 if and only if there exists a R ∈ B such that
where c and C are constants depending only on one another. Lemma B [38] .
Under the conditions of Lemma B (i) It can be easily seen from (5) and (6) that there exists constant c > 0 such that
. 
andf
be the Fourier and the conjugate Fourier series of f, respectively. Putting A k (x) := := c k e ikx in (7) we define Under the conditions of Lemma B using (6) and Abel's transformation we get
and therefore from (8) and (9)
From the property [25] ( (16))
it is known [25] ( (18)
for T m ∈ T m , m = 1, 2, 3, . . . .
Lemma 1.
Let T n ∈ T n , p ∈ P satisfy DL γ with γ ≥ 1 and r ∈ R + . Then there exists a constant c > 0 independent of n such that
holds.
Proof. Without loss of generality one can assume that T n p,π = 1. Since
we getT
In this case we have by (9) and (5) that
and hence applying Lemma A (with R = 0) to the series
Since R r n (cf ) = cR r n (f ) for every real c we obtain from (10) and the last inequality that
General case follows immediately from this.
Lemma 2.
If p ∈ P satisfy DL γ with γ ≥ 1, f ∈ W 2 p(·) and r = 1, 2, 3, . . . , then
with some constant c > 0. Proof. Putting
we have
Therefore from (1)
we obtain that
Lemma 2 is proved.
with some constant c > 0. Lemma 3. Let α ∈ R + , p ∈ P satisfy DL γ with γ ≥ 1, n = 0, 1, 2, . . . and T n ∈ T n . Then
hold where the constant c > 0 dependent only on α and p. Proof. Firstly we prove that if 0 < α < β, α, β ∈ R + then
It is easily seen that if α ≤ β, α, β ∈ Z + , then
Now, we assume that 0 < α < β < 1. In this case putting Φ(
We note that if r 1 , r 2 ∈ Z + , α 1 , β 1 ∈ (0, 1) taking α := r 1 + α 1 , β := r 2 + β 1 for the remaining cases r 1 = r 2 , α 1 < β 1 or r 1 < r 2 , α 1 = β 1 or r 1 < r 2 , α 1 < β 1 it can easily be obtained from (12) and (13) that the required inequality (11) holds.
Using (11), Corollary 5 and Lemma 1 we get
2π , δ > 0 and r = 1, 2, 3, . . . the Peetre Kfunctional is defined as
Theorem 7. If p ∈ P satisfy DL γ with γ ≥ 1 and f ∈ L p(·) (14) and the modulus Ω r (f, δ) p(·) , r = 1, 2, 3, . . . are equivalent.
Proof. If h ∈ W 2r p(·) , then we have by Corollary 5 and (14) that
We estimate the reverse of the last inequality. The operator L δ defined by
with a real constant c. Since
Using Lebesgue Differentiation Theorem once more
The last equality implies by induction on r that Indeed, for r = 2
and therefore
Now let be d
. For r = = 2, 3, . . . using 
From the last inequality
Therefore we find
by a recursive procedure we obtain
Theorem 7 is proved.
Proofs of the main results. Proof of Theorem 1.
We set A k (x, f ) := a k cos kx+ + b k sin kx. Since the set of trigonometric polynomials is dense [22] 
and hence
we obtain
.
Consequently from equivalence in Remark 2 (i) we have
. Theorem 1 is proved. Proof of Theorem 2. We put r − 1 < α < r, r ∈ Z + . For g ∈ W 2r p(·) we have by Corollary 1, (14) and Theorem 7 that
p,π 
as required for r ∈ Z + . Therefore by the last inequality
and by (11) we get
and the assertion follows. Proof of Theorem 3. Let T n ∈ T n be the best approximating polynomial of f ∈ ∈ L p(·) 2π and let m ∈ Z + . Then by Remark 1 (ii)
we get by Lemma 3 that
Lemma 1 gives
Hence
If we choose 2 m ≤ n + 1 ≤ 2 m+1 , then Last two inequalities complete the proof. Proof of Theorem 4. For the polynomial T n of the best approximation to f we have by Lemma 1 that is a Banach space we obtain f ∈ W β p(·) . On the other hand since
we have for 2 m < n < 2
On the other hand we find
Theorem 4 is proved.
Proof of Theorem 5. We set W n (f ) := W n (x, f ) := 1 n + 1 we have
p,π := := I 1 + I 2 + I 3 .
We denote by T * n (x, f ) the best approximating polynomial of degree at most n to f in L p(·) 2π . In this case, from the boundedness of the operator S n in L p(·)
2π we obtain the boundedness of operator W n in L p(·) 2π and there holds
